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For n = 12s + 9 (s > 4) we imbed K, - K8 in an orientable surface of 
genus 12s2 + 11s. 
This paper arose from a remark of Youngs [4, p. 2051 that the same 
“geometry” is suitable for the solution of cases 3, 5, and 6 of the Heawood 
conjecture. Such a solution was indeed produced [l] just before his death. 
We are now able to use the same geometry for case 9, with the simplest 
possible “coil diagram” [3, pp. 96-971 and “chord problem” [3, p. 1231 
solutions. However, our main result is the minimal embedding of 
K 12s+D - KS ; the most elegant and simplest solution of case 9 of the 
Heawood conjecture is undoubtedly that of Jungerman [2; 3, pp. 99-1011. 
A little more detail of the method whereby the solution was obtained is 
given in [l]; with the notation used there the values of the constants are 
a=O, b= -2, c= -1, d = 2, e = 2s + 1, f = 0, g = 2s, 
k, = 2s + 1, k, = 1, k, = 2s, k, = 2s + 1, k, = 3, k, = k, = -3, 
k, = 4, ff = 2, /3 = y = 1, s = -4, E = -1,c = 1, t = 1,24 = -1, 
ZI = -5, w  = 6, x = -3, y = -4, z = 7 [u, ZI, w, x,y, z in the present 
paper were represented by capitals in 11. This paper is not self-contained; 
the reader should be familiar with [4], or should have access to the recent 
book [3, especially pp. 149-1571, to which reference is made. 
If n = 12s + 9, Youngs [4] found an orientable triangular imbedding 
of K, - K3 with the help of a current graph of index 3. But the general 
part of the current graph does not contain “arithmetic combs” 
[3, pp. 92-931 and the solution is complicated. We give an orientable 
triangular imbedding of K,, - K, , where n = 12s + 9 and s 3 4. The 
vertices are the elements of the group Z128+3 together with the letters 
U, Y, w, x, y, z. The index 3 current graph of Fig. 1, in which the currents 
are the nonzero elements of ZIZsf3, satisfies the following conditions 
[3, p. 1491: 
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FIGURE 1 
(El) Each vertex is trivalent. 
(E2) The given rotation (clockwise at 0, counterclockwise at 0) 
[3, pp. 16241 induces three circuits (the reader is invited to color code 
the circuits [0], [l], [2] on Fig. 1). Note that the number, 2s - 7, of rungs 
carrying the currents 24, 27,..., 6s is odd. 
(E3) Each element of the current group Z12s+3, except 0, occurs 
just once in the log [3, p. 271 of each circuit. 
(E4) With the exception of the vertices identified by letters, 
Kirchhoff’s Current Law [3, pp. 26-271 holds at each (trivalent) vertex. 
(E5) Each vertex identified by a letter has the two properties: 
(1) Each of the three circuits passes through the vertex. 
(2) The sum of the three currents (counted as inward flowing) 
at the vertex generates the subgroup of all multiples of 3. 
(E6) If an oriented arc with current c is in circuit [a], and the same 
arc but with opposite orientation and current -c belongs to circuit [b], 
then c 3 b - a, mod 3. 
Therefore it gives us an orientable triangular imbedding of K, - KB 
for s > 4. For s < 3 such an imbedding may not exist; it does not for 
s = 0. 
Consider the dual map of the imbedding of K, - K6. No two of the 
six countries U, D, w, x, y, z are adjacent. We supply the (z) missing 
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adjacencies by using three additional handles. This will establish the 
genus of K, , 
y(K,) = [(n - 3N7 - 4)/121 
in the case n = 9, mod 12. 
The log [3, p. 271 for the circuit [l] given by Fig. 1 reads 
[l]. . . . v6s+ lu...y6~+4x...wlz . . . . 
so that row 1 of the scheme [3, p. 171 is 
1. . . . v6s + 2u . . . y6s + 5x . . . w~z...; 
this gives a partial picture, Fig. 2, of the map around country 1. 
FIGURE 2 
Preliminary modification. We modify the map as in Fig. 3. We gain the 
adjacencies (u, v), (x, u), and (w, z) but lose the adjacencies (1, 6s + 2), 






First handle. Consider the map on the torus obtained by identifying 
opposite sides of the rectangle in Fig. 4. Excise the country in the center 
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FIGURE 4 
and excise the country 1 from Fig. 3. Identify the frontiers of the two 
resulting bounded surfaces. Then there is a new country 1, adjacent to the 
same countries as the old country 1 in Fig. 3. With this first handle we have 
gained the adjacencies 
Second handle. From Fig. 4 excise the interiors of the two dotted 
circles and identify the boundaries as in Fig. 5. The resulting surface is 
still orientable and we have gained the adjacencies 
(4 4, (4 v>, (4 4, (0, VI, (w, a (w Y); 
now all six countries U, U, w, x, y, z are mutually adjacent. 
FIGURE 5 
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Third handle. We use the third handle just to regain the three 
adjacencies (1, 6s + 2), (1, 6s + 5) and (1, 2) that we lost in the pre- 
liminary modification. The countries 2 and 6s + 5 are adjacent along an 
arc. Let ~1, /3 be the two countries adjacent to both 2 and 6s + 5 and 
incident one with each end of the arc. After the preliminary modification 
a: # 1 since 1 is no longer adjacent to 2. Since a # 13, one of them is 
different from 6s + 2; without loss of generality assume ac f 6s + 2. 
Then the partial picture shown in Fig. 6 will occur, or a similar picture 
FIGURE 6 
in which 2, 6s + 5 are interchanged and 6s + 2, 1 are interchanged. 
Excise 01 and replace it with the handle shown in Fig. 7. Country 1 is again 
contiguous with 2,6s + 2, and 6s + 5 and our construction is complete. 
FIGURE 7 
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